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Attitude Estimation Algorithms for Spinning Satellites
Using Global Positioning System Phase Data

Penina Axelrad¤ and Charles P. Behre†

University of Colorado, Boulder, Colorado 80309

Several Global Positioning System (GPS) based attitude determination algorithms for spinning satellites are
presented. Spin rate and nutation frequencies are identi� ed by fast Fourier transform and autoregressive model
methods. Attitude angles are estimated using a simple cross-product method and a batch processing algorithm.
These techniques alluse the GPS antennadisplacement vector as the basic observable.Performance of the proposed
methods is presented using both computer simulations and ground-based experimental data. Accuracies of better
than 0.25 deg in attitude and 0.01 rpm in frequency are demonstrated.

Nomenclature
HC B = rotation matrix from B to H frame
IC H = rotation matrix from H to I frame
e = subscript denoting experimental motion
ê = unit vector pointing from observer to Global

Positioning System (GPS) satellite
Ĥ = angular momentum unit vector
Is = spin axis moment of inertia
It = transverse moment of inertia
k = measurement time differencing interval
N = number of measurements
r = slave antenna position vector relative to spacecraft

center
r A = vector expressed in A frame
ro = magnitude of r
s = subscript denoting simulated motion
®; ¯; ° = rotation angles for ground tests
1’ = antenna phase difference measurement
±r = antenna displacementvector
±1’ = time-differenced1’ measurements
´; ¾ = rotation angles from H to I frame
2 = antenna angular displacement
µ = nutation angle
¸ = argument for equation for ®
º = GPS receiver noise
Á = antenna phase about angular momentum axis
Ã = antenna phase about z body axis
! = inertial spin rate about the instantaneous rotation axis
!l = inertial nutation rate
! p = body nutation rate
!® = tipping rate

I. Introduction

L OW-COST satellite missions such as the Student Nitric Ox-
ide Explorer1 are designed to spin about the spacecraft major

axis for both attitude stabilization and instrument scanning of the
Earth. This type of spacecraft typically does not have very stringent
attitude control requirements; however, both position and attitude
knowledge to better than 1 km and 1 deg, respectively, are needed
for postmission analysis of the scienti� c data. Global Positioning
System (GPS) has the potential to provide this information cost
effectively and at low weight and power.
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The use of GPS for spacecraft attitude determination onboard
an Earth-pointing spacecraft already has been demonstrated on the
U.S. Air Force RADCAL (Radar Calibration) satellite2;3 and the
Crista Spas missions.4;5 In general, a minimum of three antennas is
requiredfor full attitude estimation.Phase differencemeasurements
between antennas from two or more satellites form the basis for the
attitude estimation algorithms.

The application of GPS speci� cally to spinning satellites was
suggested by Martin–Neira and Lucas6 in 1992. They described a
fast Fourier transform (FFT)-based method for using a single GPS
antenna baseline to determine spacecraft spin and nutation rates as
well as nutation angles and orientation of the angular momentum
vector. Their approach uses triple-differencedphase measurements
as the basic observable.

Attitude determination of a spinning vehicle with GPS is par-
ticularly attractive because of the inherent baseline motion. This
regular motion permits direct three-axis attitude estimation with a
single baseline, i.e., two antennas or in some cases even a single
GPS antenna. This may result in a reduction in onboard hardware
or improved redundancy with existing hardware. Furthermore, the
baseline motion permits highly accurate solutions to be obtained
from time-differenced observations, thus eliminating the need for
ambiguity resolution and minimizing the effect of cycle slips.

This paper discusses and compares several algorithms for esti-
mation of the spinning spacecraft angular rates and orientation of
the angular momentum vector based on GPS phase data. Analysis
is conductedon data from a computer simulationand from a ground
experiment.We begin with a discussionof the GPS observablesand
of the spinning satellite motion. This is followed by a description
of ground-basedexperiments. The next section presents three tech-
niques for determining the spacecraftspin rates. The � rst is a simple
averagingmethod.The other two are frequencydomain approaches:
the FFT method, used by Martin-Neira and Lucas,6 and a superior
autoregressive (AR) method. Finally, two methods for determining
the orientation of the spacecraft angular momentum vector are dis-
cussed. One uses an averaging technique. The other uses a batch
processor.

II. Displacement Vectors
Time-differencedGPS phase observationshave been used in sur-

veyingto establishan initial estimatefor longantennabaselines7 and
in attitudedeterminationas a means for initialambiguityresolution.8

In general, they do not produce high-accuracy estimates because
the measurement noise is higher and the geometry is weaker than
a single-difference (between antennas) or double-difference (be-
tween antennas and satellites) observable.The latter problem is not
the case for a spinning satellite, where the rapid antenna motion
produces a strong geometry for time-differencedobservations.The
time-differenceobservations are used to solve for what we call an-
tenna displacement vectors, which form the basis for the attitude
solution methods described subsequently.
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Note that the receiver is assumed to be operating in a steady-state
condition, that is, it has already acquired at least four satellites and
is computingposition solutions in real time. The acquisitionprocess
typically takes up to 30 s for a receiver that has been initializedwith
an a priori estimate of the orbit,GPS ephemeris, and time, and up to
30 min for a receiver in cold start. In addition, it is assumed that the
receiver generates phase difference observations 1’ between two
antennas and computes appropriate line-of-sight vectors ê to the
GPS satellites, based on its current navigation solution.

The basic equation for the 1’ measurement for one baseline and
from one satellite is

1’ D ê ¢ r ¡ b C º (1)

where b is a bias due to an integer ambiguity and a line or clock bias
between antennas. By differencing two 1Á measurements made
at times ti and ti C k , assuming no cycle slips, and approximating
the line-of-sight vector as constant over this interval, an equation
involving the antenna displacement vector ±r can be formed as

±1’.ti / ´ 1’.ti C k / ¡ 1’.ti / D ê.ti / ¢±r.ti / C .ºi C k ¡ ºi / (2)

and k is a constant differencing interval. Cycle slips and temporary
blockages or shadowing of the antennas will corrupt only a single
±1’ measurement, thus making this a relatively robust observable.

To solve Eq. (2) for ±r, measurements from at least three GPS
satellites must be available. If we assume that the noise is uncorre-
lated, unbiased, and equivariant, then the least-squares solution is

±r.ti / D .GT G/¡1GT

2

6664

±1’1.ti /

±1’2.ti /
:::

±1’M .ti /

3

7775
(3)

where

G D [ê1 ê2 : : : êM ]T (4)

the superscriptrefers to each satellite,and M is the number of satel-
lites.

III. Spinning-Satellite Model
The nutation angle and various angular rates, de� ned in the

nomenclature section, are illustrated in Fig. 1. For simplicity, the
vehicle is assumed to be axisymmetric about the zB axis. The mas-
ter antenna is located at the center with the master–slave baseline
perpendicular to the axis of symmetry. The body x B axis is de� ned
by the position of the slave antenna. The relationships between !,
! p , !l , µ , and the inertias are9

!p D
It ¡ Is

Is
!l cos µ (5)

Fig. 1 Kinematic model.

and

!2 D !2
p C !2

l C 2! p!l cos µ (6)

The body frame is � xed to the rotating satellite and is denoted by
superscript B . The angular momentum frame, denoted by the su-
perscript H , is de� ned with the z axis along the spacecraft angular
momentum vector. The inertial frame is designated by the super-
script I . The angularmomentum vector unit vector OHs in the inertial
frame is

OHI
s D [hx h y hz]

T (7)

A. Antenna Motion
In the absence of external torques, a GPS antenna on the rim

of a spinning satellite will move according to the kinematic model
described in Eqs. (5) and (6). In the body � xed system, the antenna
position remains constant. The position of the antenna with respect
to the centerof the spacecraftin the inertial system can be computed
from the product of two separate rotation matrices given by

r I D IC H
s

HC B
s rB (8)

where

rB D [ro 0 0]T (9)

is the position of the antenna in the body frame. The � rst rotation,
HC B

s , takes r from the body to the angular momentum frame. The
angles Ã and Á are de� ned as functionsof the satellite rotation rates
as follows:

Ã D ! pt C Ão; Á D !l t C Áo (10)

Then HC B
s can be expressed as

HC B
s D

2

4
cÃcÁ ¡ cµsÃsÁ ¡sÃcÁ ¡ cµcÃsÁ sµ sÁ

cÃsÁ C cµsÃcÁ ¡sÃsÁ ¡ cµcÃcÁ sµcÁ

sµsÃ sµcÃ cµ

3

5 (11)

The matrix IC H
s rotates a vector from the angularmomentum system

to the inertial system. It is de� ned by the two angles ´ and ¾ , which
are determined from the componentsof the angularmomentum unit
vector by

´ D cos¡1

³³
hxp

h2
x C h2

y

´́
(12)

and

¾ D cos¡1.hz/ (13)

This matrix is

IC H
s D

2

4
c´c¾ ¡s¾ c´s¾

s´c¾ c´ s´s¾

¡s¾ 0 c¾

3

5 (14)

If Eq. (8) is differenced in time, an expression relating the antenna
displacement vectors to the satellite kinematics can be formulated.
For a constant orientation of a satellite angular momentum vector,
this relationship at time ti is

±rI .ti / D IC H
s

£
HC B

s .ti C k/ ¡ HC B
s .ti /

¤
2

4
ro

0

0

3

5 (15)

The displacementvectors in the local frame are computed from the
GPS phasedifferencesbyEq. (3). Equation (15)describeshow these
components are related to the spacecraft attitude.

The frequencies observed in ±rI are due to the products of the
sines and cosines in Eq. (11). The three frequenciesare !l §!p and
! p .

B. Computer Simulation
A computer program was constructed to simulate the motion of

a spinning satellite in low Earth orbit. Line-of-sight measurements
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were generated from a simulated constellation of 24 GPS satel-
lites using a typical set of orbital elements and taking into account
satellite visibility limitations. Perfect phase difference values were
formed from the line-of-sight and known antenna baseline vectors.
Simulated1’ measurementswere constructedbyaddingzero-mean
Gaussian noise with a standard deviation of 5 mm. Displacement
vectors were computed from the noisy 1’ values. Measurements
were recorded at 2 Hz for 12 min. The spin rate was 5 rpm, and the
nutation angle was 5 deg.

IV. Ground Experiment
To validate the results of the computer simulation, a series of

ground tests were conducted.Data were taken from a GPS receiver
mounted on a spin table located at a Naval Research Laboratory test
facility.

A. Experimental Apparatus
The complete test apparatus consists of two pieces of equipment

with a combined total of three rotationalaxes as diagrammed in Fig.
2. A photograph of the actual setup is shown in Fig. 3. The TRT-
7 two-axis tilter is mounted on a support base. In the local level
coordinate frame, the � rst axis is oriented along an east–west direc-
tion. The second axis is alignedperpendicularto the � rst and rotates
around it. When the � rst rotation angle is zero, the second axis lies
in the north–south direction. The maximum tilt angle about both
axes is approximately §45 deg. The second piece of equipment is
the BDS-5 spinner. It provides a constant angular rate about a third
axis. This axis rotates according to the tilt angles of the TRT-7. It is
mounted so that, when the � rst two rotation angles are zero, its ori-
entationis in the up–down direction.The GPS antennasare mounted
on the top plane of the satellite structure perpendicular to this axis.

B. Experimental Motion
The matrix HC B

s , derived in Eq. (11), is a 3-1-3 sequence of ro-
tations computed from the Euler angles Ã , Á, and µ . The satellite
structure in the experimentalsetuphas to be moved accordingto the

Fig. 2 Equipment diagram.

Fig. 3 Experimental setup.

rotations de� ned by the TRT-7 and the BDS-5. For this case, the
body frame is de� ned by the symmetry axis of the structure and
the position of one of the GPS antennas, as shown in Fig. 2. In the
body frame the positionof the GPS antennais always on the x B axis.
The local system is de� ned by the orientationof the TRT-7’s tilt axis
when the plane of the structureis level to the ground.Although there
is no true angular momentum axis, an equivalent frame to the angu-
lar momentum frame is de� ned by the plane of the satellite structure
when there is only pure spin. This is referred to as the H frame.

If the east direction is called the 1 axis, the north direction the 2
axis, and the up direction the 3 axis, then the series of rotationsused
to move the GPS antenna is a 1-2-3 sequence. If we de� ne the three
rotation angles as ¯ , ®, and ° , respectively, then the total rotation
matrix is

BC H
e .¯; ®; ° / D R3.° /R2.®/R1.¯/ (16)

To simulate the correctmovementof a GPS antennaon a spinning
satellite governedby Eq. (11), the angles ¯ , ®, and ° must be varied
in time as a function of Ã , Á, and µ . These relations are computed
by setting

BC H
e .¯; ®; ° / D BC H

s .Á; µ; Ã/ (17)

The resulting expressions for ®, ¯ , and ° are functions of the sums
and productsof the sinusoidsofÁ, µ , and Ã . These generalequations
are very involved; however, for small nutation angles, they may be
approximated by

¯.t/ ¼ µ sin[Á.t/] (18)

®.t/ ¼ µ cos[Á.t/] (19)

and

° .t/ ¼ Á.t/ C Ã.t/ (20)

Because of limitations in the control and performance of the test
equipment, two compromises are required. The � rst is to eliminate
the motion of ¯ due to Eq. (18). The second is to approximate the
motion of ® in Eq. (19) with a triangle wave. The equation for ® is

®.t/ ¼ µ.8=¼ 2/
©
sin[¸.t/] ¡ 1

9 sin[3¸.t/] C 1
25 sin[5¸.t/] ¡ ¢ ¢ ¢

ª

(21)

where

¸.t/ D !® t C ¸o (22)

and

!® D .2µ=¼/!l (23)

Combining the motion of ® about the 2 axis and the motion of °
about the 3 axis yields the rotation matrix from the body system to
the angular momentum system:

HC B
e D

2

4
c° c® ¡s° c® s®

s° c° 0

¡c° s® s° s® c®

3

5 (24)

The resultingmotiondescribedbyEq. (24)and illustratedin Fig. 4
is a combinationof spinningand tipping.The tipping is containedin
a single plane centeredon the Ĥe axis. The orientationof Ĥe is � xed
and describedby the two angles ¾ and ´. The angle ¾ is about the 1
axis and the angle ´ is about the 2 axis. The correspondingrotation
matrix from the angular momentum system to the inertial system is

IC H
e D

2

4
c´ 0 s´

s´s¾ c¾ ¡c´s¾

¡s´c¾ s¾ c´c¾

3

5 (25)

The rotation matrices in Eqs. (24) and (25) are analogous to the
matrices in Eqs. (11) and (14) for the true satellite rotations. One
difference is that in the case of an actual spinning satellite, the spin
axis rotates about the angular momentum axis, whereas for the ex-
perimentalmotion thespinaxistipsaboutsomecentralaxis.Another
difference is in the frequency modes of the ground experiments.
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Fig. 4 Spinning and tipping motion.

C. Experimental Motion Frequencies
It was shown that the equations for satellite motion contain three

frequenciesderivedfrom the two satellite ratesof !p and!l . The fre-
quencies contained in the experimental motion are similar. For this
case the two principal rates are ! and !® and the observed frequen-
cies are at ! and ! § k!® , where k is any integer.As before, there is
a frequencydue to the rate about the spin axis and frequenciesdue to
the combinedrates of the spinaxisabouta � xed vector.Because®.t/
is a triangle wave, it also contains odd harmonies of !® as opposed
to just a single frequency. Thus cosine ® contains even multiples
and the sine ® contains odd ones. A power spectral density (PSD)
plot of the displacement vectors yields an in� nite number of spikes
correspondingto all possiblevaluesof k. However, only the � rst few
multiples of !® have enough power to show above the noise � oor.

The referencevalue for the ground test spin rate was 0:0850Hz§
7£10¡5 Hz. The platformwas leveled to within 1 deg and the initial
alignment error was determined to be §0:01 deg.

D. GPS Receiver
The experiments were conducted using a Trimble Navigation

TANS Vector Attitude Receiver.10;11 This receiver has six parallel
trackingchannels that multiplex among four antennas to provide at-
titude estimates as well as navigationsolutions.One antenna is des-
ignated as the master, and the other three are slaves. The receiver
measures the relative carrier phase for each slave with respect to
the master. For our experiments we collected these raw differential
phase data at a rate of 2 Hz. Typical differential phase errors for
the receiver are in the range of 2–5 mm 1-sigma, depending on the
signal environment.12

The next sections describe various algorithms for attitude and
frequency estimation.

V. Frequency Estimation Techniques
In this section, three frequency estimation techniques are exam-

ined. The � rst method is a time-domain technique, and the next two
are frequency-domainmethods.

A. Displacement-Vector-Magnitude Algorithm
The simplest approximation for the angular velocity ! given in

Eq. (6) can be computed from the magnitude of ±r. Every two suc-
cessive positions of a rotating antenna creates an angular displace-
ment centered at the spin axis. This angle, shown in Fig. 5, can be
computed by

2 D 2 sin¡1

³
1
2
j±rj
ro

´
(26)

where ro D jrj. If we de� ne !¤ as the mean angular rate of 2,
then the magnitude of !¤ varies with !p , its minimum value is
[It=.It ¡ Is/]!p , and its maximum value is !. For a nutation
angle of zero, ! D !¤. As a result, for small nutation angles, !
can be approximated by averaging the values of !¤ computed from
the displacement vectors. Furthermore, if an accurate value of the
satellite’s inertia ratio is known, an estimate of !p and !l also can
be found.

Fig. 5 Angular displacement.

B. FFT Algorithm
To determine the modal frequencies and modal amplitudes of

a signal, the following steps are applied: Perform an FFT on the
sampled signal data, compute the PSD of the transformed data,
identifythe peaksof thePSD, determinethe frequencyat which each
peakoccurs,and relate these frequenciesback to a kinematicmodel.

If only the PSD values are used, then the frequenciesare the most
likely estimates of each signal mode. Ideally, they are the exact
frequencies of the modes. However, the sampling properties of the
signal can lead to errors.

The frequencyresolutionis equal to the sample frequencydivided
by thenumberof datapoints.Ideally,the signalshouldbe sampledso
that the modal frequenciesare integermultiplesof the frequencybin.
In reality, however, the peaksof the PSD occur in the frequencybins
that are closest to the correct modes.The signalpower of each mode
is spread over a range of frequency bins surrounding the correct
frequency. To determine a better estimate, the frequency center of
the bins can be computed by weighting them according to their
power. However, the bene� t of this approach may be limited by
noise.

In the implementationof an FFT algorithm, there are no assump-
tions about the structureof the signal. In otherwords, the FFT can be
applied to any type of signal. There are other frequency estimation
methods that can take advantage of the knowledge of the signal’s
structure.The next section discussesone of these methods—the AR
method.

C. AR Algorithm
In general, a discrete-time process can be approximated well by

a time series or rational transfer function model.13 In particular, a
system of order 2p can be represented by the recursive difference
relation

x[n] D ¡
2 pX

k D 1

a[k]x[n ¡ k] C u[n] (27)

Taking the Z transform of Eq. (27) yields the transfer function

X .z/=U .z/ D 1=P.z/ (28)

where

z D e¾ C j µ (29)

and

P.z/ D 1 C
2pX

k D 1

a[k]z¡k (30)

Given a sequence of sampled data x[n], the coef� cients a[k] can
be estimated using the modi� ed covariance method.7 The roots of
P.z/ corresponding to sinusoids are described by

z¤
k D e§ jµ ¤

k (31)

They occur in complex conjugate pairs and lie on the unit circle
(i.e., ¾ D 0) at angles corresponding to the sinusoidal frequencies
normalized by the sample frequency:

µ¤
k D 2¼ Nfk ; Nfk D fk= fs (32)

Note that this techniquedirectlyestimatesthemodal frequenciesand
therefore does not provide estimates that are quantized by discrete
frequency bins as does the FFT method.
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Table 1 Performance of frequency methods on simulated data

N D 100 N D 200 N D 800
Method !l , rad/s !p , rad/s !l , rad/s !p , rad/s !l , rad/s !p , rad/s

True value 0.6789 ¡0.1561 0.6789 ¡0.1561 0.6789 ¡0.1561
AR 0.6760 ¡0.1530 0.6779 ¡0.1550 0.6794 ¡0.1565
FFT No solution No solution 0.6473 ¡0.1226 0.6795 ¡0.1562
Average !¤ 0.6780 ¡0.1565 0.6748 ¡0.1557 0.6759 ¡0.1560

Table 2 Performance of frequency methods on experimental data

N D 100 N D 200 N D 800
Method !, rad/s !® , rad/s !, rad/s !® , rad/s !, rad/s !® , rad/s

Reference value 0.5349 ——a 0.5349 ——a 0.5349 ——a

AR 0.5379 0.5807 0.5356 0.5959 0.5345 0.5973
FFT No solution No solution 0.5381 0.5947 0.5350 0.5971
Average !¤ 0.5337 ——b 0.5350 ——b 0.5358 ——b

a There was no adequate reference value for !® . b The average !¤ method does not produce estimates for !® .

Fig. 6 Pole–frequency relationship for a noisy sampled signal; *, poles
corresponding to signal; £ , poles corresponding to noise; model order
= 10; and number of sinusoids = 2.

For the ideal case, where there is no noise, the signal is perfectly
modeled by Eq. (30), with exactly p sinusoids, and each pole of
Eq. (28) lies exactly on the unit circle at an angle of 2¼ Nfk . For the
more realistic case, a higher-ordermodel than 2p is used to account
for the noise in the signal. The poles corresponding to the signal
modes lie closest to the unit circle, whereas the poles corresponding
to the noise lie farther away. The angles of the signal mode poles
are approximatelyequal to 2¼ Nfk . This is illustrated in Fig. 6. As the
model order is increased, there are more frequencies available for
the noise. As a result, the poles for the signal modes get closer to
the unit circle and the angles get closer to 2¼ Nfk . The model order is
limited by the number of samples, N . A maximum order of N=2 is
recommended.13 The model order used in this work is 70.

D. Frequency Estimation Results
Tables1 and2 comparethe performanceof the threefrequencyes-

timation techniquesas a functionof thedatabatchsize.All datawere
sampled at 2 Hz. For the simulation, the nutation angle was 5 deg.
For the experiment the maximum tip angle was 5.3 deg. The AR and
average!¤ methods produced frequencyerrors under 0.01 rad/s af-
ter 30 s of data. The FFT methods could not resolve the frequencies
with a data set this small and still showed large errors after 100 s.
For large batch sizes, the errors were below 0.001 rad/s for both the
AR and FFT techniques. Averaging !¤ , however, did not produce
improvementwith largeramountsof data. In theexperimentthe pro-
grammedvalue for!® was 0.628 rad/s. However,becauseof the lim-
itations of the equipment noted earlier, we believe that this number
was signi� cantly in error. Judgingby the consistencyof the methods
over various batch sizes and by the simulation results, our opinion
is that the frequencyestimationalgorithmsare much more accurate.

VI. Attitude Estimation Techniques
This sectionpresents two methods for determiningthe orientation

of the spacecraftangularmomentum vector.The � rst techniqueuses
the average of the displacement-vectorcross products. The second
uses a batch processor.

A. Cross-Product Algorithm
Ideally, a spinning satellite is rotating perfectly about its rotation

axis (i.e., no nutation), which also will be its angular momentum
axis. A GPS antenna located on one face of the satellite will rotate
in a plane perpendicularto this axis. The displacementvector of the
moving antenna will be in this plane. Taking the cross products of
two of these vectors will yield a vector with the same orientation
as the angular momentum axis. Because the GPS measurements
are taken in the inertial frame, OH will be computed in the inertial
frame. As a result, the components of OH de� ne the orientation of
the satellite spin axis in the inertial frame.

When nutation is introduced, the cross product of two successive
displacement vectors is not the true orientation of OH. However, as
the satellite’s instantaneous spin axis rotates about OH, the average
of all vectors formed from these cross productswill tend toward the
actual orientation of OH. This is computed by

OH D 1
N

NX

i D 1

±r.ti / £ ±r.ti C k /

j±r.ti / £ ±r.ti C k /j
(33)

B. Spinning-Satellite Batch Processor
A batch-processing algorithm for estimation of the attitude was

developed.The state comprises the nutationangleµ ; the angular po-
sition of the antenna about the body zB axis, Ã ; the angular position
about OHs , Á; and the two constant angles ´ and ¾ , which relate the
inertialto theangularmomentumframe. The resultingstate vector is

X D [µ Ã Á ´ ¾ ]T (34)

For the torque-free case considered here, the state estimate is
propagated between measurement epochs as follows:

OX.ti C 1/ D OX.ti / C

2

66664

0

!p±t

!l±t

0

0

3

77775
(35)

where

±t D ti C 1 ¡ ti (36)

The two frequencies must be determined by one of the previously
described frequency estimation techniques.

The measurement model that relates the displacement vectors to
the states is inherently nonlinear because the states are embedded
in the elements of the attitude matrix. The nonlinear measurement
equation is

h.X/ D
±rI .ti /

ro
D IC H

£
HC B .ti C k / ¡ HC B.ti /

¤
(37)
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For the gain and covarianceupdate calculations,the linearizedmea-
surement connection matrix is

H ´ ±h
±X

­­­­
OXi

(38)

Simulated data were generated using a nutation angle of 5 deg,
an inertia ratio of 1.3, and a sample frequency of 2 Hz. The two
driving frequencies, !p and !l , were ¡0:1561 and 0.6789 rad/s,
respectively.

C. Ground-Experiment Batch Processor
The batch-processingalgorithmfor the experimentaldata is very

similar to the one employed for the computer simulation. The esti-
mated values are the angular position of the antenna about the body
zB axis, ° ; the amplitude µ of the tipping motion; the argument for
the equation for ®.t/, ¸; and the two angles ¾ and ´. The resulting
state vector is

X D [° µ ¸ ´ ¾ ]T (39)

As described in Sec. IV, the induced motion was designed to
simulate torque free satellite motion. As a result, the ´ and ¾ stay
� xed. The magnitudeand rate of the tippingmotion remain constant.
The position angles, ° and ¸, change according to the two driving
rates, ! and !® , respectively.The transition between measurement
times is therefore

OX.ti C 1/ D OX.ti / C

2

66664

!±t

0

!®±t

0

0

3

77775
(40)

The driving frequenciesare estimated using the frequency analysis
techniques. The observation equations are the same as shown in
Eqs. (37) and (38).

The phase difference 1’ and line-of-sight measurements were
collected at a sample rate of 2 Hz using a Trimble TANS Vector
Receiver. The spin and tipping rates, ! and !® , were set at 0.535
and 0.597 rad/s, respectively.The tipping amplitude was 5.3 deg.

D. Estimation Results
Tables 3 and 4 show the performanceof the attitude methods for

various values of N for both the simulated and experimental cases.
All data were taken at 2 Hz. For the simulation, the frequency was
5 rpm, and the nutation angle was 5 deg. For the experiment, the

Table 3 Performance of attitude methods on simulated data

True value, Estimated value, deg

Method Angle deg N D 200 N D 400 N D 800

±r Cross product ´ 63.43 63.46 63.46 63.46
¾ 65.91 65.90 65.89 65.91

Batch processor ´ 63.43 63.47 63.45 63.45
¾ 65.91 65.93 65.92 65.91
µ 5.00 4.96 4.98 4.99
Ã 90.00 91.82 90.34 89.83
Á 90.00 88.23 89.59 90.18

Table 4 Performance of attitude methods on experimental data

Reference Estimated value, deg
Method Angle value, deg N D 200 N D 400 N D 800

±r Cross product ´ 0.60 0.34 0.52 0.56
¾ 0.07 0.11 0.07 0.08

Batch processor ´ 0.60 0.51 0.52 0.59
¾ 0.07 0.10 0.07 0.10
µ 5.32 5.13 5.19 5.29
° ¡47:38 ¡45:15 ¡44:74 ¡49:01
® 1.01 0.78 0.82 1.11

spin frequency was 5 rpm and the tipping rate was 2 deg/s. The
estimation errors for ´ and ¾ are about the same when using either
the cross-productor batch processor algorithms. When N is 400 or
greater, the errors are under 0.1 deg. The batch processor allows
for the estimation of additional parameters as well. For the largest
batch sizes, the simulation nutation angle and the experimental tip
angle are both determinedto within 0.1 deg. Estimation of the phase
angles is the least accurate. The simulation angles Ã and Á are
determined to about 0.2 deg. However, the experimental angle ° is
only estimated to within 2 deg.

VII. Conclusions
SeveralnewalgorithmsforusingGPS measurementsto determine

the attitude and angular rates of a spinning satellite are presented
and demonstrated using both simulated orbital data and ground test
data. The AR method is the best algorithm for determining spin
rates. The ±r cross-productmethod is the computationally simplest
and fastest approach for estimating the angular momentum axis.
The batch processor, however, produces estimates of more vehicle
parameters. For batch sizes of 200 samples, corresponding to 100
s of data for a vehicle spinning at 5 rpm, spin rates are determined
to within 0.01 rpm, spin-axis orientation is determined to within
0.25 deg, and phase to within 2 deg. Comparable performancecould
be expected for spacecraft in low Earth orbit, which would meet the
requirements of many small satellite missions.
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